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HYPERSINGULAR INTEGRALS AND PARABOLIC POTENTIALS
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SAGUN CHANILLO

ABSTRACT. In this paper we characterize the potential spaces associated with the
heat equation in terms of singular integrals of mixed homogeneity.

Introduction. Our aim will be to study hypersingular integrals associated with the
heat equation. Bagby [1] obtained a characterization for the potential spaces
PP(R"*") of the heat equation in the range 0 < a < 1. This characterization is
related to that obtained by Strichartz [7] in the case of the usual Riesz potentials.
Our characterization is in the range 0 < a < 2. In view of Lemma 1 this range is
enough to prove localization for all « > 0, which is in fact Theorem 2. Our method
of proof also generalizes to more general kernels than what has been treated here.
The investigation of hypersingular integrals in the case of usual Riesz potentials has
been carried out by Stein [5] and Wheeden [8], [9]. We wish to thank the referee for
his comments and for his stylistic improvements in the paper.

We wish to recall some notation before stating our main results. All constants
appearing depend only on a, p, n.

R**! denotes Euclidean space with n > 1.

R = {(x, H)]x €R", ¢ > 0}.

J®) = fgon1 )9 ax,

A, = {(x,)|x ERY |x| <& 0 <t <e},

Q= {(x 0| x| <& |t <&}

Q¢ denotes the complement of €, in R**!. A¢ denotes the complement of A, in
R%*!. A — B denotes set-theoretic difference.

The Bessel kernel G, (x, ¢) is defined as

Gol(x, 1) = { (4m) " *T(a/2)” e D24 >,
0, t<0.
The Riesz kernel is defined as
I(x, 1) = { (47) " *T(a/2)™ "D 2= b4, > 0,
0, t<0.
Also, G(8)(x, 1) = G, * g(x, 1) and L,(g)(x, ?) = I, * g(x, 1), LR ) = (f: f =

G,(g8), g € LPR"*")} and I fllpa = IIfll, + 1l 8ll,- Our main results involve the
operator T,, where

T s) = [ [ [f0x = s = ) = flx, )] =32~/ gy .
A
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The following properties of G,(x, f) and I,(x, ) may be found in [3] and [4].
@) Gu(& 1) = (1 + |42 + iy™/2,
(®) G (x,¢) € L'R" Y ifa > 0,
©ILE&E D=+ i) /2 if0<a<n+2
There exist finite measures v,, y,, p, such that
@) (I + 7 + in*? = 6, + (& + /%,
© (& + ™2 = (1 + & + iny*/>.
Using an argument as in [5, p. 126] we have

LEMMA 1. f € CE(R™™ ") if and only if f € L2_ (R"*") and 3f/0x; € £2_ ,(R™*)),
i=1,...,nand 3f/0t € L2_,(R"* ") where | <p < o and a > 2. Also the norms

o of of
Mo and Wl + 2 5 a

pa—1 pra—2

are equivalent.
The following constitute the main results of this paper.

THEOREM 1. If f = L (g)(x, t) where g € LP(R"*"), 0 < a < 2, then:

@ TSN, < Copallgll, f 1 <p < .

®) If p = 1 then m{x: |T.f| > A} < (C/Ngll..

©)Ifge L, 1 <p < 00,0 <a < 2,then T,f is convergent in L? norm as ¢ — 0.

d If 1<p<oo, 0<a<?2 and T,f(x,s) is convergent in LP norm, then
f = 1(8), where g = Lt,_ T.f, where the limit is in the L? sense.

Using the properties of the Riesz and Bessel potentials, we have

COROLLARY 1. f € 2R, 1 <p < 00, 0 < a <2, if and only if T,f(x,s) is
convergent in L” norm and f € LP(R"*"). Moreover, || T,fll, < Copull fllpa

PrROOF. Since f € L2(R"*"), f = G,(g). But we know that G,(g) = L(y, * 8),
where p, is a finite measure. Hence G,(g) = I(h), h € LPR™*1), Using (c) of
Theorem 1 we are done. Conversely let T,f(x, s) be convergent in L? norm. By
Theorem 1(d) f = I,(g). By property (d) we have f = G, (v, * f + p, * g), hence
the result.

We also note that (c) of Theorem 1 follows from (a) by a standard argument
using the density of C°(R"*") in LP(R"*Y).

THEOREM 2. Let 1 € CER™. If f € ZR™ Y, a > 0, 1 <p < oo, then nf €
£2(R"*1); moreover,

"nﬂll’»a < Ca,p,n”f”p,a'

Our aim in §1 will be to prove part (a) with p = 2. This will follow by the
observation that if f = I (g) then T,f = K, * g, where

Ke('x’ s) = f,/;\,t_(a+"+2)/2e_|y|2/4’[Ia(x —y, s — t) _ Ia(X, S)] dy d.

Hence to obtain L? results it is enough to estimate the Fourier transform of
K,(x, s). In §2 we will prove a Hormander condition holds on K,(x, s). This will
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give part (b), using Lemma 2 of [2]. The idea will be to introduce odd kernels which
will assist in the cancellation near the origin. §3 is a proof of part (d) of Theorem 1
and Theorem 2 is proved in §4.

PROPOSITION 1. Let

t_(a+n+2)/2e—ly|2/c’, (x, t) & A,’

K(x0) = { 0, (x,1) €A,

where ¢ > 0, a > 0; then
[ 1R (x, 0)] dx dt = ce™=.

PROOF. Setting x = ex’, t = ¢’’ we readily get

[fifgaca=([[ oot a ).
X 1

Now we wish to show that
f t/—(a+n+2)/2e—|x'|2/ct' dx' dt' = C.
*.)EA,
The integral defining C is broken up as follows
f + ¢ @m0 2= P/el gyt g = C, + C,.
t>1 1x|>1

Now

Cl _ cfoot,—(a+n+2)/21m/2 dr = c,
1

and setting |x'|*/ct’ = u, in the integral defining C, we get

) u (a+n+2)/2 7|2
[ (_6_2) e lXL 4
Ix>170 \|x’| cu

—a—n ®©
=c x' dx’ u(a+n)/2—le—u du
j';r’| > l| | 'I(;
= cI'((a + n)/2).
We owe the above simplification of our original proof to the referee.

PROPOSITION 2. Let us consider

r o
) A=L(x=y—z,s—t—u)—Lx—z,5s-u)+ 3 y=2(x—z,5 — u)
j=17 0%

where (z, u) € Q,, (v, 1) € Ay
(@) If s > 16d?, |x| < 4d, then

A< C(|y|2 + t)s("‘_""‘)/2 + dis@—n=9/2 4 dztzs("""“”/z).
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(b) If s > 1642, |x| > 4d, then
A< C((lylz + t)s(a—n—4)/2e—|x|2/cs
+ dista—n=5/2=Ix"/es dZIZS(a—n—6)/Ze—|x|2/c:).
() If |s| < 16d?, |x| > 4d, then
A< C((|y|2 + 0)|x]*7" 7 + dex|* 7" 4 dP x| ).

|

(x—z—-&s—17—w)

PrOOF. Applying the mean value theorem to A we have
0%,
0x,0x;

n

A< |y|2( >

ij=1

(x—z—-&s—1—w)

+|7(0U, /0 (x —z — & s — 7 — u)
32,
dx;0t

()

n
+ 21 il 14
i=

+|1| |(QL /) (x — z — &5 — 7 — u)]|
where |§| < |y, |7| <t
Since (y, ) € Ayp, |¥| <d/2,t < d?/4, A can be majorized by

C((|y|2 +t)(s— 71— u) @D 2= lx—y =t /55— w)

(3) +dt(s — 7= u)(a—""5)/2e—|x—y—€|2/5(s—f—u)

+dU¥¥ (s — 1 — u)("_"_6)/2e""""5'2/5(“"")).
To prove (a) note that as s > 1642 and since |7| < ¢ < d?/4, and as |u| < d?,
|(s = 7 — u)| > Cs, estimating the exponential by 1, we arrive at the result.

To prove (b) note that |x — y — ¢ > C|x| and, since s — 7 — u > Cs, we easily
get (b) from (3). To prove (c) we observe we can easily have

(s — 7 — w2t/ Tmw L Clx —y — §1°7" forj =4,5,6.

Since |x| > 44, |y| < d*/4, |§| < d we easily get (c) from (3).
We note that similar estimates can be made for

ool
Ia(x A% t) - Ia(x’ S) + Eyj'a(x’ S) .
J=1 J

PROPOSITION 3.
4) _[) LJIa(x, t)| dx dt < Ce“.
PROOF. In [§ fgn 1€~ ""D/%=1/% gx dr, set x,/2Vi = x/; an easy integration
yields (4).
1. The L? estimates. Taking thf Fourier trAansform we obtain
T 1) = fie D[ K& - KO.0], &) #*©0.
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We now try to estimate the term in brackets.
(5) K& - K00 = [ [(emiemim — 1)p~(tnsizg=bf/4 gy gy
A;

where 0 < a < 2.
Making a change of variable in (5) by setting
yi =P + VL =g+ a7,
(5) can be estimated by

R - (0,0

<C-| g2+ in|?

fc f(e—i(f’y')e—it’f' -1
Ag

(6)

Xt/—(a+n+2)/2e—|y’|’/4t’ dyr dt’

where ¢’ > 0.

If ¢ >1 we simply estimate the integrand by ¢
Proposition 1, (6) is majorized by C| |¢]* + ir|*/2.

If ¢ < I then we break up (6) as follows:

f f(c—i(f’,y’)e—it"r' _ l)t/—(a+n+2)/2e—|y'|2/4t’ dyl dr
AS

=ffA.-A,,+ffA.c=I+H'

By the argument used to majorize (6) we can take care of II and, hence, |II| < C.
To estimate I we introduce odd kernels whose integrals over A, — A, are zero.
We have

n
(7 1= ffA N (e“‘f"”)e“"" -1-2 )’.fﬁ.f) ¢k na /2= yP/4 gy gy,

’ —(u+n+2)/2e —|y'2|/4t'; usmg

i=1
Observing that § = & /(1§ + in)|/%, 7" = 1/| |§]* + ir|, we have |¢| < 1,|7'| < 1.
Using the mean value theorem we estimate the integrand of (7) by

C- (ly/|2 + t') . tl—(a+n+2)/2e—|y'|2/4t’ <C.

But
C t/(2—a—n—2)/2e—|y’|2/51' <C
-,
by Proposition 3.
Hence, collecting all these estimates we have that
PSS N L a 2
® ITfle, )] < QU D | R+ ir™ (& 7) # (0, 0).

Since f = I(g), g € L?
A& ) = (g + ir) %88, 7).
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Hence, from (8) we have
P .
| TAE 7] < C|g(§ 7).

Using the Parseval formula we get Theorem 1 forp = 2.
To prove Theorem 1 for other p’s we use Lemma 2 of [2]. It will follow from this
lemma that

©) m{(x, 0):|Tf(x, )| > A} <(C/N|glli, 0<a <2, wheref=1I(g).

In order to use the lemma we are required to show that
(10) [ [IK(x =z 5 —w) - K(x,9)|deds < C, (x,5) €QF, (2,4) € Q.

Theorem 1 will follow from (9) and the previously established case p = 2, by
observing as before that T, f(x, 1) = K, * g(x, t), g € L?. Using the Marcinkiewicz
interpolation theorem we easily get Theorem 1 for 1 < p < 2 and the rest follows
by duality.

2,

LEMMA 2. Let 0 < a < 2; then

ff |K(x — z,5 — u) — K(x,s)| dxds <C.
(x,5) EQYy, (2,4) EQy

PRrOOF.

K(x,s) = ffAct_("‘+"+2)/2e_|y|2/4'[1a(x —y,s = 1) = I(x,5)] ay dt;

hence,
K(x—2z,5 —u)— K(x,s)
=f (—(a+n+2)/2,—|y[*/4t
AS
(11) X[I(x-y—z,s—t—u)—L(x—y,s—1)

—I(x—z,5s —u)+ I(x,5)] dy dt

_A+ff =1+IL

a2

-1,

We shall now consider I. We shall introduce odd kernels in the integrand of I so
that the integrals converge if 1 < a < 2. It is not necessary to introduce these

d/2
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kernels if 0 < a < 1. Hence,

I(x, s) =ff ¢t n*D/2g=1F /4
Naja— A,

X|I(x—y—z,s—t—u)—I(x—y,s—1)

—L(x —z,5 — u) + I(x,s)

N i al, i oI, d
yjaxj(x z,8 — u) yja—xj(x,s) dy dt.

Jj=1 Jj=1

Let us now consider

ff%|1(x,s)|dxds=ffz+ff22=Al+A2.

5, =950 {(x o)l Isl > 1642),
=, =94 n {(x,9)] |s| < 164?}.

Let us consider =,. If s < —16d? then clearly I(x, s) = 0. Hence we consider only
s > 16d%. We shall further decompose 4, = A,; + A,,.

Ay =ff2 |L(x, 5)| dx ds, A,2=ffiz|l(x, s)| dx ds,
where
£ =2, n {(x ) |x| < 4d; s > 1642},
S, =3, n {(x, 5)| |x| > 4d; s > 1642).

We use Proposition 2(a) to estimate the integrand of A4,, and Proposition 2(b) to
estimate the integrand of 4,,. Hence,

A, <ff|x|<4d ffAmu(x, 5)| dx ds.

s> 1642
As (y, 1) € A),, using Proposition 2(a) we have

Ay, <ff ff [s(a—n—4)/21(2—a—n—2)/2e—|y|1/cl
s>16d2 7 JA,,
|x| <4d

+ dt@-a—n=2)/2,—|yl'/ct(a=n—5)/2
+d3s(a—n—6)/2t(2—a—n—2)/2e—|y|2/ct] dy dt dx ds.

Using Proposition 3 we immediately see that 4,, < C. Using Propositions 1, 3 and
2(b) we can clearly see that 4,, < C.
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We next consider 4,. To estimate 4, we note that in this range |x| > 4d;
consequently I(x, s) can be estimated by Proposition 2(c).

A, < ff ff (2= a=n=2)/2—|yP/4
2 Aaj2
X[|x)*7" 7 + d|x|* 7" + d*|x|* "] dy dt dx ds.

Using Proposition 3 and the fact |x| > 44, |s| < 16d? we can easily show 4, < C.
So we are left to make estimates on

foC|II(x, s)| dx ds =ffz TI(x, 5)| dx ds +ff22|ll(x, s)| dx ds = B, + B,,

and X, and 2, are as before. We shall consider B, first. To estimate B, we estimate
term by term; we only consider one such term as all are similar in spirit. We
consider

1 [

where |z| < d, |u| < d? |s| < 16d? |x| > 4d.

We observe that s — t — u > 0 or else I, vanishes; consequently we have
t <s—u. Nowt>0s0t<17d% hence 0 <5 — t — u < 34d>. We shall use
Proposition 3 after a change of variable. Setting s — ¢t — u = w in (12) after
extending the range of integration in x to all R”, (12) is majorized by

f (@D 2 =DF/ML (x — y — 2,5 — t — u) dy dt dx ds
AG2

(13) f34d2wa/2—l dw (e nt /2= 0P/ g, gy
0 AS)2

Using Proposition 1, (13) can be estimated by Cd“-d ™% = C. So we are left with

crucial estimate for B,.
We first note that if s < —16d42 then

[/ 1L(x, 5)| dx ds = O
Q4N {(x.5)|s < -164%}

as the integrand vanishes.
So we only consider

B, = II(x, s)| dx ds.
! f'l;lfdﬁ{(x,s)ls>l6d2}| ( )l

We effect a decomposition of B, < B,, + B,,, where

B, = I1,(x, s)| dx ds,

" ffﬂfdn{(x,s)|s>16d2} I 1( )l

B, = 1L,(x, s)| dx ds.
12 fj;lfdn{(x,s)|s>l6d1} l 2( )I

11,(x, 5) = ff [~ (et n+2)/25-|y/4
AGn {1<s/2}

(14) X[I(x—y—zs—t—u)—I(x—y,s—1)
—I(x — z,5s —u) + I(x,5)] dy dt
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and
I(x, s) = II,(x, s) + II,(x, s).

We shall first estimate

[/ |IL,(x, 5)| dx ds.
QgN {s>1642%)

From (14) we easily have that
L (x, 5)| < f f [~ (@+n+2)/2,~|yP /4
Agan{1<s/2}

X([I(x—y—z,s—t—u)—I(x—y,s—1)

n ol
+ 2z (x—y,s—1)
jgl ! axj

T §
+|L(x = z,5 —u) — L(x,5) + > z;7—(x, 5)
a =1 Jaxj

L a7 ol
+ z) | —=(x—y,s — 1) — —=(x,s

]ajzdt.

We shall only make estimates on the first term since the remaining terms are
handled similarly.
Let us call this integral II,;; the other two will be II, and II,,.

1, =ff (@t n+2)/2,—|y/4t
AGan {(1<s/2}

(15) X[ I(x—y—z,s—t—u)—IL(x—y,s—1)

al,
+22f8_xj(x ~y,s—t)| dyadt.
We need to show that

ff |1 (x, 5)| dx ds < C.
QN {s>1642)

We make a few more decompositions and, in fact, show that

16 II,(x, s)| dx ds < C,
(16) fjs‘lfdn{s>l6d2}n{|x|<5d) | n( )l

17 I1,,.(x, s)| dx ds < C,
(17) ffszfdn{s>|642}n{|x|>5d} Mia(x: )]

18 II ,8)| dx ds <C,
(18) ffﬂi,n{s>|6d2)n(|x|>5d} I e(x S)I x
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where

II a = B
1 fj.:xf/m{tq/Z}n{|x|<2|y|}n{|x|>5d}

I, = ,
e ffz\s/m{r«/z}n{|x|>2|y|}n{|x|>5d}

where the integrand is the same as in (15).

We shall now estimate (16). We can use Proposition 2(a) interchanging z for y
and ¢ for u.

Hence, the integrand in (16) can be estimated as

(19)

C(d%s@==9/2 4 giga—n=5/2 4 d4s(a—n—6)/2)ff t—(a+n+2)/2e—|y|z/4t‘b) dt.
AG)2

Integrating (19) and using Proposition 1 (19) can easily be estimated by a
constant. To estimate (17) we need to analyze (3). Noting the fact that to apply (3)
to the integrand of (15) we simply reverse the roles of y and z and, since ¢ < s/2,
we easily estimate

II,,.(x, s5) <
(%, $) fffxs,zn{r<s/z}n{|x|<z|y|}

X[dZS(a—n—4)/2 + d3s(a—n—5)/2 +d4s(a—n—6)/2]
X (=Gt D 2l gy gy

where we estimated the exponentials occurring in (3) by 1. Hence by interchanging
the order of integration:

II,,.(x,s)| dx ds < IL,,.(x, s)| dx ds
f’£>16d2,|x|>5d| na(x 9)| f‘fs>l6d2| e )|

< ff t—(a+n+2)/2e—|y|2/4lf°°
ASp 2t

2 (a—n—4)/2 3 (a~n—5)/2 4 (a—n—6)/2
(20) X d*s + ds + d°s ] dx ds
|x|<2|y|

<f (@t n+2)/2,~|yP/4
AS)2
x[d2t(a—n—2)/2 + d3’(a—n—3)/2 + d4t(a—n—4)/2]ly|” dy dr.
Noting that | y|e~1?F/4 /17/2 < eI/t (20) can be majorized by

6
(21) f e—lyl’/cr( 2 di—Zt—(nﬁ)/Z) dy dt.
Q j=4
Using Proposition 1, (21) is majorized by a constant.

We now estimate (18). Here |x| > 5d and |x| > 2|y|. Consequently the integrand
of (15) is majorized after an application of (3) by

C
d/2

6
C 2 dj—Zs(a—n—j)/2e—|x|z/cs.
j=4
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Hence (18) is majorized by

6
(22) D f F 2@ n—p/2p—Ixlt/cs t(atn+D /20— /4 gy gy
j=47s>16d? AG2

A repeated application of Proposition 1 shows (22) is bounded by a constant.
We now consider

B, = IL,(x, s)| dx ds,
2 ffAE,n{»lsdz)l 2( )l

where

IL(x, s) = {—(atn+2)/2 ,— |yl /4
2( ) f'/('t>s/2)nA$/2
X[I(x—y—z5—1t—u)
—L(x—y,s =) = L(x — z,s — u) + I(x,5)] dy d.

We decompose I, = II,, + II,,, where

IL, =ff (~(atn+2)/2 |yl /4
{1>5/2)NAG)2

X[I(x—y—zs—t—u)—L(x—y,s—1t)] dya.
It is easier to dispose of

IL,,(x, s)| dx ds < IL,,(x, s)| dx ds
ffszfdn{»mﬁ)l 2 )I ffnfdn{s>1642}n(|x|<5d}| z )l

(23) [L,(x, s)| dx ds

+
ffgg,n {s>16d*} N {|x|>5d}

= [ Ml + [ [ 1102

Applying the mean value theorem to
[I(x — z,5 — u) — L(x,s)| < c[d(s — )@ 2~/ M)
@4 +d(s — 1)@ 2t /4

estimating the exponential by 1 and, since |7| < |u| < d? < 5/16, we majorize
(25) '1122a| <fj;c [dy(a_""3)/2 + d2s(a—n—4)/2]t—(a+n+2)/2e-|y|’/4t @ dt.
d/2

Using Proposition 1, (24) is majorized by
IIIZZal < C(dl—as(a—n—S)/2 + d2—as(a—n—4)/2);
hence,

ffmw |y, | dx ds < C.

|x| < 5d
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To estimate II,,, we choose # such that § <a and 0 <8 < 1. Using (24) as
|x| > 5d,

l1122b| < Cff [dg(a—n—3)/2e—]x|2/cx + d2s(a—n—4)/2e—|x|z/cs]
AGpN{1>s/2}

xz—(a+n+2)/2e—|y|z/4t dy dt.
Since ¢t > s5/2,

T < cffA

x [(dg(a—n—B)/2e~|x|2/c:)t—(0+n+2)/28—|y|2/4t

5/20 {I>S/2}

+ d2s(a—n—4)/2e—|x|2/cs] t —(a+n+2)/2e—|ylz/4l ‘b’ dr.
Since # < 1, by a repeated application of Proposition 1, [ [|II,5| dx ds < C.
We now consider II,,. We effect a decomposition of II,, = II,,, + II,,,, where

1L, =ff (—(a+n+2)/2 ,—|yf/ 4
AGan (1>5/2y N {ls— 1| >44d?)

X[I(x—y—zs—t—u)—I(x—y,s—1)]dat

Note now if s — t < —4d? then the integrand vanishes. Hence we consider only
the case (s — ) > 4d> We first consider I,

|1121b|<ff t—(a+n+2)/2e—|y|2/4¢
AN {t>s5/2) N {|s— 1| <4d?)

X[If(x =y —z,s =t —u) + L(x — y,s — 1)|] & ..

(26)

Observing that 0 < s — ¢ — u < 5d? we have

[ alaxas<c[* [ [[ iemor

c
d/2

X e 1Y/ Anyla=n=2/2¢=|x/4% &, gt dx dw,

where we make the change of variablew = s — t — u,

xi =0 -y —2)/2V(s —t —u)

and an analogous one for the second term of (26).
Use of Propositions 1 and 3 yields that

f f ol s < C.

We now consider II,,,:

II dx ds = II dx ds + IL,,,| dx ds.
ffs>|6d2| 213' ffs>16ar=| ml ffs>16dzl 2 l
|x]<5d |x| >5d
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The first term is handled like (16). The second term is decomposed as follows:

[[ | dxds
5$>16d2
|x| >5d

< fj;>l6d2

t—(a+n+2)/2e—|y|’/4t

fj;\«?/zﬂ {lx—yl<3d}n {(s—1)>44d?}

X[I(x—y—zs—t—u)—I(x—y,s—1)]dydtjvodxds

+f)
s> 164>

|x| > 5d

dy di| dx ds.

ffAS/zﬂ{lx—yl>3d}n{(s—:)>4d2}

Using (24) the first term in (27) can be estimated as follows by setting x — y for
x and s — ¢ for s and estimating the exponential by 1.

< Cff ff t—(a+n+2)/28—|y|2/4t
1642 A§, —1)>4d? —y|<3d
(28) ISXT>5d g2N(Gs—1) N{lx—yl| }

x[d(s — )" 4 d¥s — )" dy dt dx ds.

Interchanging the order of integration and changing variables by setting s — ¢ = w,
t = t, (28) is majorized by

Cff t—(a+n+2)/2e—|y|2/4tff
AG) (w>4d?)N (|x—y|<3d})

X [aw@= =372 4 @%=n=9/2] dw dx dy dt.
Using Proposition 1 we have

< Cd"d“’foo(dw(a—n—s)/z + AW n=9/2) gy
d2

< Cd"d~[d*"] < C.

To handle the last term in (27) we note that since |x — y| > 3d and |¢| < d, and
since s — ¢t >4d% s —t— 1> (s — £)/2 as |7| <d? the mean value theorem
gives
[ (x—y—z,s—t—u)— L(x —y,s — 1)

< C[d(s _ t)(a—n—3)/2e—|x-y|2/c(.r-r) + d2(s _ t)(a—n—4)/2e—|x—y|2/c(s—t)].

Using the @ previously chosen and since ¢ >s5/2, |(s — £)/¢| < 3, the second

term in (27) can be estimated as

Cff ff (—O+n+2)/2 ,—|yf/4t
5> 16d? A

)>4d? ¥

s—1)>

(29) ‘
X [d(S _ t)(o—"—3)/ze—|x—y|2/c(:—t)

+d2(s _ t)(a—n—4)/2e—|x—y|2/c(.v-l)] dy dt dx ds.
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Setting (x; — y))/cV(s—t) =x/, yy=y, and s —t=w, t =1, (29) can be
majorized as

< C[f t—(0+n+2)/2e-|y|2/41f°°[dw0/2—3/2 + dzwa/z—z] dwdydi < cd % <c
AS 447

d/2
as0 <f <1
The proof of Lemma 1 is now complete.
3. We now assume the convergence in L? norm of T,f(x, s) as ¢ — 0. We shall
compute the Fourier transform of the associated convolution kernel as ¢ — 0. Let
f € SR™*), the space of rapidly decreasing functions. Then

T.f6 ) = i | K& - R0, 0)].

We will assume that £ = 0 to avoid difficulties later on. We will show that as
e—>0if £#0,

K 1) — K(0,0) > c(a)(jg? + ir)*? if0<a <2,
where c(a) = (2(47)"/?/a)[(1 — a/2). We also choose the value of (| + ir)*/?
such that -7 < arg(|¢? + in)*/2 < .
We note now that this proves Theorem 1(d), since now f = I (g), where
g = Lt,_, T.f, a fact readily verifiable by checking on the Fourier transform side,
the limit being taken in the L? sense. Now

K (& 1) - K(0,0) =ffACz*"*"”)/ze—'y"/"[e-"<f'y>e"‘" ~1]dydr=1+11
I = (@t n+2)/2,— P /4[ o i) p—itt _ | dt,
f’£>ez [ ] 4

I = (@t n+2)/2 =P/ o= ih ) p—itr _ | d.
f j(;<t<ez [ ] 4
[yl>e
We show that |II] -0 as ¢ - 0. To show this we introduce odd kernels again.
Consequently,

n
11 =ff (@t D)2 0P /4| g=iene=ir _ 1 — i S £y | dy dt.
0<r<e?

i
[yI>e
Estimating II, we have by the mean value theorem,

IIII < Cfez f t—(a+n+2)/2e—|y|2/4t
0 Jly|>e

X (]| + LRIy P + 2ol + 8] Iel |y]e) &y b,

Inl < 0/2 f e—|y|2/cl[|,r|t—(a+n)/2 + |£|2t_(a+")/2
0 Jly|>e

(30)

+|'r|21(2"°‘_")/2 + Igl |'r|t(3_°‘_"—2)/2] dy dt.

As 0 < a < 2, use of Proposition 3 shows that as € — 0, (30) tends to zero.
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We now compute I:
I= foo f t—(a+n+2)/2e*|y|z/4t(e—i(fy)e—itf _ 1) @ dt.
82 n
Doing the y-integration first yields

= (4m)"?  ma/2-1 (g~ _ 1) gy
ez
= w2 [(®—aj-t,—ugl+iry g _ 2 _.,)
(4m) (j;z t e dt ——e™*).

Integrating by parts we have
(4%)"/2[(e’°z(|5|2+"') e~ — (& + ir) f =/l +in) dt]

Since 0 < a < 2, as £ — 0, e ~*(e~“Ul+iD _ 1) _, 0. Hence we are left to calculate

_2 n/20182 4 i\ [ s —as2, - (g +ir)
= (amy" (g + i) j;zt e dr.

By a contour integration one can readily show that since 0 <a < 2and £ # 0,
L .
(I8 + ir) [ e/ 6+ G s (Jg + if)"/’r(l - 3).
€2 2
Hence we have proved our claim.

4. We now give a proof of Theorem 2.

Since L2(R**") = LP(R**") if a = 0 the result is obvious if « = 0. By Lemma 1
we see it is enough to prove Theorem 2 for 0 < a < 2.

We shall need two results, however.

PROPOSITION 4. If B < a then RER™*") C RA(R™") and 1N, 8 < Cappll fllpa
PrOOF. Obvious from the definition and the fact that G; € L'R**!) if § > 0.
LEMMA 3. ||Gg(x — y, 5 — 1) — Gg(x, 9)Il, < C(Iy? + |2 if 0 <B < L.
ProoF. This can be found in [3].

We note in passing that Lemma 3 can be extended to 2 > 8 > 1. To be precise,

G,
Golx =38 = ) = Gyl ) + 3yt (09| < CaallyP? + 1)

i=1

We do not give a proof and it is not needed to give Theorem 2.
CoroLLARY 2. If f € ZB(R"*"),0 < B < 1,1 < p < oo, then
2
"f(x -V, 5 = t) - f(-x’ s)"p < pﬂn(lylz + Itl)ﬂ/ "j"l’,ﬁ
This is a direct consequence of Lemma 3.

Let us now proceed to pick 8. We choose 8 such that 8 + 1 > a,and 0 < 8 <
a. We can, moreover, find such a 8 in (0, 1). This is possible since 0 < a < 2.
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Our aim is to show that given f € C2(R"*!) and if

TN 5) = [ [ [0 =r,5 = 0fx = y.5 = 1) = (x, )f(x, 9)]

Xt—(a+n+2)/2e—|y|2/4t ‘b) dt,

then T7,(nf) is convergent in L? norm, 1 <p < o0, 0 < a < 2. We show T,(7f) is
Cauchy in L? norm. Let ¢; > ¢,.

) = T = [ [ a0 ate )+ Tughie )
Xf(x — y,s — t)e=@*n+D/2e= /4 g, gy

e[ [ [fx=rs =0 = fx9)]

€) €2

x[—(a+n+2)/28—|y|2/41 ‘b’ dt

+ i ffA"_Anyig—l(x» S Ax =y, s = 1) = fx,5)]

X ¢ (atn+2)/2,— |y /4 dy dr

=1+1+ IIL
Since f € R2(R"*") and |n(x, 5)| < M, from Corollary 1, ||II||, —> 0 as ¢ — 0.
To estimate III, we use the Minkowski integral inequality, Proposition 4 and
Corollary 2 to get

M, <cf [ Iyl + 02 esnedr2e b4 5 dy dr.
Ay — A,

Hence

I, <cf [ (I + Py s gy ar £
Ael_Azz

< (ff t(ﬁ‘“‘"-')/2e—|y|2/ct)”f” 5
Aq—A, P,

Since B8 + 1 > a, using Proposition 3 we observe that this integral goes to zero as
€, £, > 0.

To estimate I, we use the mean value theorem and it easily follows that ||I||, — 0
as ¢ —» 0. Using Corollary 1 we conclude our result. To extend the result to higher a
we use Lemma 1 and Proposition 4.

It can be seen from the technique of proof of Theorem 2, that for individual ‘a’
the conditions on n(x, 5) can be weakened. For example in the range 1 < a < 2, if
1(x, ) is chosen to have compact support and is Lipschitz of order y (y > «/2) in
s,and C'*% (1 + 8 > a) in x, then we still have

”nf”p,a < Ca,p,n”f”a,p,n‘

A more direct proof of Theorem 2, which we outline below, has been communi-
cated to the referee by R. J. Bagby.
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(a) Theorem 2 is valid for 0 < a < 1 (by using the characterization of [1]).

(b) Theorem 2 is easily proved valid for « = 2,4, 6, 8,... by taking partial
derivatives.

(c) Consequently by the interpolation results of [1] the theorem is valid for every
a>0.

(d) Hence the theorem is valid for —c0 < a < oo by duality.

REFERENCES

1. R. J. Bagby, Lebesgue spaces of parabolic potential, Illinois J. Math. 15 (1971), 610-634.

2. E. B. Fabes and N. M. Riviere, Singular integrals with mixed homogeneity, Studia Math. 27 (1966),
19-38.

3. B. F. Jones, Jr., Lipschitz spaces and the heat equation, J. Math. Mech. 18 (1968), 379—-410.

4. C. H. Sampson, A characterization of parabolic Lebesgue spaces, Dissertation, Rice Univ., Houston,
Tx.

5. E. M. Stein, The characterization of functions arising as potentials. 1, Bull. Amer. Math. Soc. 67
(1961), 102-104.

6. , Singular integrals and differentiability properties of functions, Princeton Univ. Press,
Princeton, N. J., 1970.

7. R. S. Strichartz, Multipliers on fractional Sobolev spaces, J. Math. Mech. 16 (1967), 1031-1060.

8. R. L. Wheeden, On hypersingular integrals and Lebesgue spaces of differentiable functions. 1, Trans.
Amer. Math. Soc. 134 (1968), 421-436.

9. , On hypersingular integrals and Lebesgue spaces of differentiable functions. 11, Trans. Amer.
Math. Soc. 139 (1969), 37-53.

DEPARTMENT OF MATHEMATICS, PURDUE UNIVERSITY, WEST LAFAYETTE, INDIANA 47907

Current address: Department of Mathematics, Rutgers University, New Brunswick, New Jersey 08903



